I. Introduction.
In this paper, we investigate a topological property, the discrete countable chain condition (DCCC), which is a generalization of separability, of the Lindelof property, and of countable compactness.
These relationships are studied in §2 and this property is shown to be equivalent to an apparently weaker condition (Theorem 2.6).
A topological space R is said to satisfy the countable chain condition (CCC) if every collection of disjoint open sets is countable.
A topological space R is said to satisfy the discrete countable chain condition (DCCC) if every discrete collection of open sets is countable.
It is well known that a separable space satisfies the countable chain condition, and it is easy to find an example to show that the converse fails [6, p. 60] . That CCC implies DCCC is obvious from the definitions.
An example of E. Michael [7] gives us a topological space that satisfies the DCCC but not the CCC. This space is Lindelof, hence satisfies the DCCC (Theorem 2.1), but has an uncountable subset with the discrete topology, hence does not satisfy the CCC.
II. Relations between the DCCC and other topological properties.
There are examples of Lindelof spaces wdiich do not satisfy the CCC and spaces satisfying the CCC which are not Lindelof, however, Theorem 2.1 gives us a relation between a Lindelof space and a space satisfying the DCCC.
For convenience in stating the first few theorems, we label three conditions as follows:
(i) R is Lindelof.
(ii) Every uncountable subset of R has at least one cluster point, (iii) R satisfies the DCCC. Proof, (i) implies (ii). Suppose S is an uncountable subset of R and 5 has no cluster point in R. Then for each pES there exists a neighborhood U(p) which contains no other element of S. Moreover, 5 is closed since it has no cluster points. Then {R -S, U(p)\pES}
is an uncountable open covering of R which has no countable subcovering.
(ii) implies (iii) is easy. Since a Pi space is countably compact if every infinite set has a cluster point, we have the following corollary: Corollary 2.2. A countably compact space satisfies the DCCC.
The converse of this is not true. The real line with the usual topology satisfies (ii), hence the DCCC, but is not countably compact. We also note that a metric space satisfying the DCCC is second countable. This follows at once from Bing's [3] characterization of a metrizable space; a regular topological space R is metrizable if and only if it has a <r-discrete open basis.
It is not true in general that (ii) implies (i). The set of ordinals less than the first uncountable ordinal with the interval topology is countably compact but not Lindelof. It is not true that (iii) implies (ii). To see this, we first observe that any closed subspace of a topological space satisfying (ii) also enjoys (ii Proof. Sufficiency is obvious. Therefore, let 11 be a locally finite collection of open sets in R. We assume R is well ordered, and for PER, we put 1l(p) = { U\ Z7£1l; p is the first element in U}.
By the local finiteness of 11,11 (p) is a finite set which may be empty. Each set in II is contained in one and only one 1i(p) and (1) q < p implies q £ U for U £ 1l(/>).
We assert that the collection {cxl(p)\c\l(p)^0,pER} is countable. To see this, choose one set U(p) from each nonempty c\l(p). Then the collection { U(p)} is locally finite since 11 is.
Since R is regular pEV(p)ECl(V(p))EU(p), where V(p) is an
open set, and the collection { V(p)} is locally finite. Then for each nonempty 1L(p) we construct a nonempty open set as follows:
The W(p) are disjoint and they are open since { V(p)} is locally finite. Moreover, the collection { W(p)} is locally finite since { V(p)} is. W(p) is nonempty since it contains p by (1).
Again using the regularity of R, we have pEX(p)ECl(X(p)) EW(p). The collection {X(p)} is locally finite and the closures of its elements are disjoint; hence it is a discrete collection, thus by hypothesis countable.
Note. It is not true that in a space satisfying the DCCC every closure preserving open collection is countable. Ceder [4] gives an example of a separable Afi-space (a space whose basis consists of a countable number of closure preserving open families) which is not second countable. This theorem gives us another way of seeing that a paracompact, countably compact space is compact.
III. Images and products. [6] shows that the property is not inherited by closed subspaces, and the example of Michael referred to above satisfies the DCCC but has an open uncountable subspace with the discrete topology.
We have no example of two spaces satisfying the CCC (DCCC) but whose cartesian product fails to do so. However, we do have a partial result. However by the above argument the set of such indices \a\ C/"£11; Ua=Up} must be countable. Therefore the fact that j Ua\aE&} is countable implies that {lFa|a£f2} must be countable, and XX Y satisfies the CCC.
